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Abstract
We study the asymptotically flat rotating hairy black hole solution of a three-dimensional
gravity theory which is given by taking the flat-space limit (zero cosmological constant limit) of
new massive gravity. We propose that the dual field theory of the flat-space limit of new massive
gravity can be described by a contracted conformal field theory which is invariant under the action
of the BMS3 group. Using the flat/contracted conformal field theory correspondence, we construct
a stress tensor which yields the conserved charges of the asymptotically flat black hole solution.
We check that our expressions of the mass and angular momentum fit with the first law of black
hole thermodynamics. Furthermore, by taking the appropriate limit of the Cardy formula in the
parent conformal field theory, we find a Cardy-like formula which reproduces the Wald’s entropy
of the 3D asymptotically flat black hole.
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1. INTRODUCTION
Taking the flat-space limit (zero cosmological constant limit) of asymptotically AdS space-
times results in asymptotically flat geometries. This procedure can be done by taking the
ℓ→∞ limit where ℓ is the radius of AdS spacetime. From the field theory perspective, one
could expect that the ℓ → ∞ limit in the bulk theory has a holographic description at the
boundary. Recently, it has been argued that the flat-space limit of AdS gravity is dual to
the I˙no¨nu¨-Wigner contraction of the boundary conformal field theory (CFT) [1, 2].1
The so-called flat/contracted conformal field theory (CCFT) correspondence has received
a great deal of attention recently. For example, in [4] a Cardy-like formula has been obtained
1 It is worth noticing that another interesting approach to understanding flat space quantum gravity is
given in [3]. Therein, the authors showed that interpreting the inverse AdS3 radius 1/ℓ as a Grassmann
variable leads to a map from gravity in AdS3 to gravity in flat space.
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for the two-dimensional CCFT which yields the correct entropy of the three-dimensional
cosmological solution. These asymptotically flat spacetimes can be obtained by taking the
flat-space limit, as in [5], of nonextremal Ban˜ados-Teitelboim-Zanellii (BTZ) black holes.
After taking the flat-space limit, the outer horizon of BTZ is mapped to infinity; however,
the value of the inner horizon remains finite and defines the cosmological horizon. The
entropy of the cosmological solution has been identified with the area of the cosmological
horizon. In the literature (see for example [6]), a modified Cardy formula has been introduced
which reproduces the entropy of the inner horizon of BTZ black holes. The CFT origin of
this formula has not been well understood yet, but the observation of [7, 8] is that if we
accept the modified Cardy formula related to the inner horizon of the BTZ and contract it
by using appropriate parameters of CCFT, the final result is exactly the CCFT Cardy-like
formula which yields the entropy of the cosmological horizon.
Furthermore, in [9], the authors found the correlation functions of CCFT energy-
momentum tensor by using the contraction of CFT correlation functions for finding the
quasilocal stress tensor of the asymptotically flat spacetimes which gives the correct con-
served charges of these geometries.
The Flat/CCFT correspondence can also propose a dual field theory which lives at the
horizon of nonextreme black holes. The idea begins from the appearance of Rindler spacetime
in the near horizon limit of nonextreme black holes. If one starts with the Rindler-AdS/CFT
correspondence [10, 11] and takes the flat-space limit in the bulk, which results in the Rindler
spacetime, the boundary field theory is given by the contraction of the parent CFT. This
proposal has been used in [12]. Therein, the authors found the Bekenstein-Hawking entropy
of the nonextreme BTZ black hole by counting the CCFT microsates.
Moreover, Bagchi et al. calculated the entanglement entropy of a two-dimensional field
theory with Galilean conformal symmetry2 recently [13]. The authors used the Wilson
lines approach and found the holographic entanglement entropy they computed is in precise
agreement with the ones obtained in the field theory side. For an almost complete list of
papers related to the Flat/CCFT correspondence, see the references of [13].
In (2+1)-dimensional Einstein gravity, black holes can exist only in the presence of a
2 The group of symmetries of CCFT2 is isomorphic to Galilean Conformal Algebra but in higher dimensions
these are not the same.
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negative cosmological constant [14]. In order to find asymptotically flat black holes in three
dimensions one has to consider higher-derivative gravity theories. The entropy of these
black holes can be obtained by Wald’s formula [15]. A successful theory of quantum gravity
should be able to give a microscopic description of this semiclassical entropy. An alternative
approach for this study is using holography. The Falt/CCFT correspondence as a duality
between quantum gravity in the asymptotically flat backgrounds and a field theory with
contracted conformal symmetry can be an appropriate context to study this problem. The
current paper is focused in this direction.
We consider a theory of gravity which is given by taking the flat-space limit of new
massive gravity (NMG) [16]. This theory possesses remarkable properties. In [17], it was
shown that it is a ghost-free and power-counting UV finite, three-dimensional gravity. We
use the dictionary of the Flat/CCFT correspondence for finding quasi local stress tensor
of the new type of asymptotically flat black hole [18]. Using the holographic stress tensor
along with the Brown and York’s method [19], we compute the conserved charges of this
black hole. We also take the limit from the Cardy formula and find a Cardy-like formula for
the CCFT and show that this gives agreement with the Wald’s semiclassical approach.
The next sections are devoted to two main parts. In Sec.(2) we introduce the bulk
solutions. We start from NMG and review its asymptotically AdS rotating hairy black hole.
Then we take the flat-space limit from the action and its black hole solution and introduce
the asymptotically flat rotating hairy black hole with some novel properties. We calculate
its entropy using Wald’s formula and verify for it the first law of black hole thermodynamics.
In Sec.(3) we argue about the dual boundary theory of the bulk solution. We shortly review
the known results about the dual CFT of NMG and then try to contract these results and
find a CCFT which is dual to the higher-derivative gravity theory of [17]. This work is
another check for the correctness of the Flat/CCFT correspondence.
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2. BULK SOLUTIONS
2.1. Rotating hairy black hole of NMG
We consider the three-dimensional higher-derivative gravity theory known as NMG. This
theory is described by the parity-invariant action [16]
S =
1
16πG
∫
d3x
√−g
[
R− 2Λ + 1
m2
K
]
, (2.1)
where
K = RµνR
µν − 3
8
R2. (2.2)
The above theory (2.1) for the special case m2ℓ2 = 1/2 has the following rotating black
hole solution [18]
ds2 = −NFdt2 + dr
2
F
+ r2
(
dφ+Nφdt
)2
, (2.3)
where N , Nφ, and F are given by
N =
[
1 +
bℓ2
4H
(
1− Ξ 12
)]2
,
Nφ = − a
2r2
(4GM − bH) , (2.4)
F =
H2
r2
[
H2
ℓ2
+
b
2
(
1 + Ξ
1
2
)
H +
b2ℓ2
16
(
1− Ξ 12
)2
− 4GM Ξ 12
]
,
and
H =
[
r2 − 2GMℓ2
(
1− Ξ 12
)
− b
2ℓ4
16
(
1− Ξ 12
)2] 12
,
Ξ = 1− a2/ℓ2. (2.5)
It is labeled by three parameters: the mass M , the angular momentum J = Ma, and an
additional “gravitational hair” parameter b. The rotation parameter a is bounded according
to −ℓ ≤ a ≤ ℓ.
The angular velocity of the horizon is
Ω+ =
1
a
(
Ξ
1
2 − 1
)
. (2.6)
We can associate a Hawking temperature and entropy to it
T =
Ξ
1
2
πℓ
√
2G∆M
(
1 + Ξ
1
2
)−1
, (2.7)
S = πℓ
√
2
G
∆M
(
1 + Ξ
1
2
)
, (2.8)
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where
∆M = M +
b2ℓ2
16G
. (2.9)
These quantities fulfill the relation
TdS = Ξ
1
2 dM +
bℓ2
8G
Ξ
1
2 db− 1
a
(
1− Ξ 12
)
∆M da . (2.10)
Not much more work would bring this equation to the familiar form of the first law of black
hole thermodynamics
d(∆M) = TdS − Ω+d(∆J) , (2.11)
where we defined
∆J = a∆M . (2.12)
2.2. The flat-space limit of NMG and its black hole solution
In order to have a well-defined flat-space limit (Λ→ 0 or ℓ→∞) for (2.1) in the special
point m2ℓ2 = 1/2, we also need to scale Newton’s constant to infinity while keeping fixed
κ = ℓ2/G . Thus, the flat-space limit of NMG action (2.1) becomes
S =
κ
8π
∫
d3x
√−gK. (2.13)
Moreover, a well-defined flat-space limit for the black hole solution (2.3) needs a scaling of
the mass parameter M such that µ = MG remains fixed. The final line element for the
asymptotically flat rotating hairy black hole is given by
ds2 = −Fdt2 + r
2
F∆dr
2 + aFdtdφ+ r2dφ2, (2.14)
where ∆(r) and F(r) are functions of the radial coordinate r, given by
∆ = r2 − µa2 −
(
a2b
8
)2
,
F = b
√
∆− 4µ . (2.15)
The Ricci scalar of this asymptotically flat black hole can be written as
R = − 16 b
a2b+ 8
√
∆
. (2.16)
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One can verify that (2.14) satisfies the equations of motion resulting from the action (2.13).
It is worth noting that in [17], it was argued that the three-dimensional gravity theory
described by (2.13) is ghost free and finite.
Horizons of (2.14) are at
r+ =
a2b
8
+
4µ
b
, r− =
√(
a2b
8
)2
+ µa2 , (2.17)
and one can calculate the entropy of the outer horizon using the Wald’s formula. This
formula gives the black hole entropy in an arbitrary diffeomorphism invariant theory and is
given by
S = − 2π
16πG
∫
Σh
δL
δRαβγδ
ǫαβ ǫγδ ǫ¯ , (2.18)
where L is the Lagrangian, and ǫ¯, ǫµν , denote the volume form and the binormal vector to
the spacelike bifurcation surface Σh, respectively. ǫµν is normalized as ǫ
µνǫµν = −2. For the
action (2.13) and the asymptotically flat rotating hairy black hole solution (2.14) we obtain
∂L
∂Rαβγδ
=
3
8
R
(
gαδgβγ − gαγgβδ)+ 1
2
(
gαγRβδ − gαδRβγ − gβγRαδ + gβδRαγ) , (2.19a)
ǫαβ = −
(
a2F + 4r2
∆
) 1
2
δt[αδ
r
β] . (2.19b)
Therefore, the Wald’s entropy for the new type of asymptotically flat black hole becomes
Sflat =
πκb
2
. (2.20)
It is instructive to derive the above entropy by taking the flat-space limit of the entropy
(2.8). The entropy can, therefore, be computed as follows:
lim
ℓ→∞
S = lim
ℓ→∞
πℓ
√
2
G
∆M
(
1 + Ξ
1
2
)
= lim
ℓ→∞
πκb
2
√
1 +
16µ
b2ℓ2
=
πκb
2
= Sflat . (2.21)
Now, consider the Hawking temperature. From (2.7) it follows that
lim
ℓ→∞
T = lim
ℓ→∞
1
πℓ
Ξ
1
2
√
2G∆M
(
1 + Ξ
1
2
)−1
,
= lim
ℓ→∞
b
4π
√
1 +
16µ
b2ℓ2
=
b
4π
= Tflat . (2.22)
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These quantities fulfill the relation
Tflat dSflat =
bκ
8
db . (2.23)
This agrees precisely with the ℓ→∞ limit of (2.10). A direct calculation by using (2.14) or
taking the flat-space limit of (2.6) shows that the angular velocity of the black hole (2.14)
at the outer horizon is zero (Ω+flat = 0) though it has a nonvanishing angular momentum.
From (2.20) and (2.22), it is clear that the hair parameter b determines the entropy and
the temperature of the outer horizon. In the b → 0 limit the hairy black hole (2.14) is
reduced to the cosmological solution of [5]. In this limit, r+ is mapped to infinity; however,
r− remains finite and defines the cosmological horizon.
3. DUAL BOUNDARY THEORY
3.1. CFT dual to NMG
In [20, 21], it was proposed that NMG has a dual description in terms of a CFT.3 The
charges associated to the asymptotic symmetries enhance the isometry of asymptotically
AdS3 spacetimes to two copies of the Virasoro algebra. The central charges are given by
c± = c =
3ℓ
2G
(
1 +
1
2m2ℓ2
)
. (3.1)
At the spacial point m2ℓ2 = 1/2, the central charges are twice the values proposed by Brown
and Henneaux for the Einstein gravity with negative cosmological constant [23], i.e.,
c =
3ℓ
G
. (3.2)
The entropy of the black hole (2.3) can be given by the Cardy formula
S = 2π
√
c+∆+
6
+ 2π
√
c−∆−
6
, (3.3)
where ∆± are the eigenvalues of the left and right Virasoro generators L
±
0 and are given by
∆± =
1
2
∆M (ℓ± a) . (3.4)
3 In 2013, de Buyl et al. considered the asymptotically dS case, Λ = +1/ℓ2 > 0, within the context of
dS/CFT correspondence [22]. We would like to thank the referee for bringing this paper to our attention.
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Using (3.2) and (3.4), this is
S = πℓ
√
2
G
(
1 + Ξ
1
2
)
∆M , (3.5)
in precise agreement with (2.8).
3.2. CCFT dual to the flat-space limit of NMG
In this section we want to propose a dual description for the theory of gravity given by
(2.13). To do so, we will use the idea which was first proposed in papers [1, 2]. That is,
if we start from the AdS/CFT correspondence, the large AdS radius limit in the bulk is
equivalent to a contraction of spacetime coordinates in the boundary CFT.4
We shall first show how one obtains the appropriate coordinate which must be contracted
in the parent CFT. Let us look at the conformal boundary of the black hole (2.3) for an
arbitrary large ℓ. It could be written as follows:
ds2C.B. =
r2
κ2
(
−κ
2
ℓ2
dt2 + κ2dφ2
)
. (3.6)
We have used κ in the conformal factor to make it dimensionless. Moreover, the fact that κ
is fixed in our flat-space limit makes the conformal factor well defined for all large values of
ℓ. Now, ℓ can be absorbed by defining new time coordinate as τ = κt/ℓ. The dual CFT lives
on a cylinder with coordinates (τ, φ) and radius κ. Taking the ℓ → ∞ limit (or κ/ℓ → 0
limit), it is obvious that the flat-space limit in the bulk induces a contraction in t of the
boundary CFT reducing it to the two-dimensional CCFT.
3.2.1. Symmetries of CCFT
According to the proposal of [1, 2], the symmetries of CCFT realize the group of asymp-
totic symmetries of the asymptotically flat spacetimes at null infinity, namely the Bondi-
Metzner-Sachs (BMS) group [24, 25]. There is a very precise procedure, called the I˙no¨nu¨-
Wigner contraction, by which one can obtain the CCFT algebra from the relativistic con-
4 We refer to [2] for a full-scale investigation into the CCFT representation.
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formal algebra of the parent CFT. Let us consider two copies of the Virasoro algebra5
[L+m, L
+
n ] = (m− n)L+n+m +
c+
12
m(m2 − 1)δm+n,0 ,
[L−m, L
−
n ] = (m− n)L−n+m +
c−
12
m(m2 − 1)δm+n,0 ,
[L+m, L
−
n ] = 0 . (3.7)
For a small parameter ǫ, at the level of the algebra, if we define6
Ln = L
+
n − L−(−n) ,
Mn = ǫ
(
L+n + L
−
(−n)
)
, (3.8)
we can see that the CCFT algebra is generated from the Virasoro algebras, on taking the
ǫ→ 0 limit, i.e.,
[Lm, Ln] = (m− n)Ln+m + cL
12
m(m2 − 1)δm+n,0 ,
[Lm,Mn] = (m− n)Mn+m + cM
12
m(m2 − 1)δm+n,0 ,
[Mm,Mn] = 0 , (3.9)
where the central charges cL and cM are given by the linear combination of the parent
relativistic central charges
cL = lim
ǫ→0
(c+ − c−) , cM = lim
ǫ→0
ǫ(c+ + c−) . (3.10)
The algebra (3.9) which is given by the contraction of the Virasoro algebra in the boundary
theory is exactly the (centrally extended) BMS3 algebra [26].
We would expect the same symmetry group for the CCFT dual to the theory described
by the action (2.13) at the special point m2ℓ2 = 1/2. As we stated earlier, the ǫ → 0 limit
in the boundary corresponds to the flat-space limit or, more precisely, the κ/ℓ→ 0 limit in
the bulk side. Using (3.2) and (3.10), for the problem in hand we find
cL = cM = 0 . (3.11)
5 The relativistic conformal algebra consists of two copies of the Virasoro algebra.
6 It is clear from (3.8) that other positive powers of ǫ are meaningless since one can redefine ǫ and rewrite
them finally as in (3.8). This definition is consistent with the observation of [26]. That is, one can
obtain the BMS3 algebra by taking the flat-space limit from the asymptotic symmetry algebra of three-
dimensional asymptotically AdS spacetimes.
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We will show that although the CCFT algebra has vanishing central charges, it is pos-
sible to find a Cardy-like formula for the asymptotic growth of the number of states which
reproduces the entropy of the black hole (2.14). To add strength to this claim, let us find
more evidence about the correctness of our proposal using the CCFT energy-momentum
tensor.
3.2.2. Quasi local stress tensor
The one-point function of the CCFT energy-momentum operator corresponds to the
quasilocal stress tensor of the bulk theory. It was argued in [9] that the definition (3.8)
provides a recipe to calculate the components of the stress tensor in the asymptotically flat
spacetimes. Therefore, we can write
T˜++ + T˜−− = lim
ǫ→0
ǫ (T++ + T−−) ,
T˜++ − T˜−− = lim
ǫ→0
(T++ − T−−) ,
T˜+− = lim
ǫ→0
T+− , (3.12)
where Tij and T˜ij are, respectively, the stress tensor of the asymptotically AdS and flat
spacetimes and x± are the light-cone coordinates constructed from the nonradial coordinates
of the metrics. In the above definition it was assumed that both the asymptotically AdS
and flat spacetimes are given in the BMS gauge [9].
The nonzero components of the stress tensor at the boundary of the asymptotically AdS
black hole (2.3) are given by [27]
Ttt =
1
8πGℓ
(
b2ℓ2
4
+ 4MG
)
,
Ttφ = − a
8πGℓ
(
b2ℓ2
4
+ 4MG
)
,
Tφφ =
ℓ
8πG
(
b2ℓ2
4
+ 4MG
)
. (3.13)
The formula (3.12) results in a stress tensor T˜ij for the asymptotically flat black hole (2.14)
as follows:
T˜tt =
b2
32π
, T˜φφ =
κ2b2
32π
, T˜tφ = − ab
2
32π
. (3.14)
Using T˜ij we can calculate the conserved charges of the black hole (2.14).
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Let us denote the hypersurface of the spacetime where CCFT lives with ∂M. Its line
element is given by taking the ℓ→∞ limit of the conformal boundary (3.6),
ds2∂M =
r2
κ2
(−dt2 + κ2dφ2) . (3.15)
Following Brown and York’s method [19], the charges associated to a boundary Killing vector
ξµ are given by
Qξ =
∫
Σ
dφ
√
σξµnνT˜µν , (3.16)
where Σ is the spacelike surface embedded in ∂M with induced metric σµν . Moreover, nµ is
the timelike unit normal to Σ. Using (3.15) and (3.16), the mass and the angular momentum
of the asymptotically flat black hole (2.14) are
M = Q∂t =
κb2
16
, J = Q∂φ = −
κab2
16
. (3.17)
It is clear that |J |/M = a as expected.
Given the expressions above, together with (2.23), it is straightforward to check that the
first law of black hole thermodynamics is satisfied, i.e.
dM = Tflat dSflat − Ω+flat dJ . (3.18)
3.2.3. Cardy-like formula
If the gravity theory (2.13) has a dual description in terms of a CCFT, then the entropy
of the black hole (2.14) must be given by the asymptotic growth of the number of states
in the boundary theory. In [4], the authors found a Cardy-like formula by computing the
CCFT partition function using the saddle-point approximation. However, in the recent
papers [7, 8] it was shown that the Cardy-like formula of [4] can be obtained if one writes
the Cardy formula in terms of CCFT parameters and then takes the ǫ → 0 limit. In the
current work we will use the same approach and take the ǫ→ 0 limit from the Cardy formula
in the parent CFT.
The CCFT algebra is given by (3.9). We denote the eigenvalues of L0 and M0 by ∆L and
∆M , respectively. For the current problem cL = cM = 0, however, the eigenvalues of L0 and
M0 are nonzero. From the viewpoint of the limit (3.8) we see that the two labels ∆L and
12
∆M are related to the conformal weights in the two-dimensional CFT as
7
∆L = lim
ǫ→0
(∆+ −∆−) , ∆M = lim
ǫ→0
ǫ (∆+ +∆−) . (3.19)
We would like to remind the reader that the ǫ → 0 limit in the boundary field theory
corresponds to the κ/ℓ → 0 limit in the bulk. Therefore, using (3.4) and (3.19) one can
easily find
∆L =
aκb2
16
, ∆M =
κ2b2
16
. (3.20)
Let us consider the Cardy formula (3.3) and try to take its ǫ → 0 limit. For our current
problem the relativistic central charges are c+ = c− = 3ǫ. Using (3.20), we obtain
lim
ǫ→0
SCFT = lim
ǫ→0
2π
(√
c+∆+
6
+
√
c−∆−
6
)
= lim
ǫ→0
π
[√
ǫ
(
∆M
ǫ
+∆L
)
+
√
ǫ
(
∆M
ǫ
−∆L
)]
= 2π
√
∆M = SCCFT . (3.21)
This is the Cardy-like formula for the CCFT dual to the flat-space limit of NMG. Inserting
(3.20) into (3.21), we finally recover the entropy (2.20),
SCCFT = Sflat , (3.22)
as we wanted to show. It is a quite nontrivial result since the theory has vanishing central
charges.
4. CONCLUSIONS
In this paper, we have proposed a flat space generalization of the AdS3/CFT2 holographic
correspondence.8 We have provided the first example of a holographic dual of an asymptoti-
7 The Hilbert space construction of a CCFT is analogous to that of the relativistic 2D CFT. Now, the states
are labeled by the eigenvalues under L0 and M0. We shall use the cylinder representation of the CCFT
algebra [2]. The Hilbert space of the 2D CCFT are constructed by considering the states having definite
scaling dimensions. We define primary states by demanding that the states in the theory be annihilated
by all generators with n > 0. One can build up a tower of operators by acting on a primary state with
the creation operators L−n and M−n (n > 0).
8 We note that in [28], the authors considered an asymptotically flat geometry which is a solution to
three-dimensional Einstein gravity conformally coupled to a scalar field and discussed gravity/CFT cor-
respondence for this background.
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cally flat black hole solution. Due to the absence of black hole solutions in three-dimensional
Einstein gravity with vanishing cosmological constant, we have considered higher-derivative
gravity theories which admit asymptotically flat black hole solutions. The theory we have
investigated is given by taking the flat-space limit (Λ → 0) of NMG. We argued that the
dual field theory of the black hole solution of this theory is a CCFT. For this purpose, we
have constructed a stress tensor for the asymptotically flat black hole solution and computed
the conserved charges. We then verified it using the first principle of black hole thermody-
namics. Furthermore, we have used the Flat/CCFT correspondence to find the black hole
entropy in terms of the asymptotic growth of the number of CCFT states.
It is interesting to note that the symmetry algebra of the corresponding CCFT had
vanishing central charges though the asymptotic growth of states were nonzero. This re-
markable point can be used for finding holographic duals of four-dimensional asymptotically
flat spacetimes. According to the proposal of Flat/CCFT correspondence, the dual of four-
dimensional asymptotically flat black holes are field theories with BMS4 symmetry [25, 29].
In [30], the authors constructed the field-dependent central extension of BMS4 algebra and
found that for the Kerr black hole some of the charges involved divergent integrals on the
2-sphere if they used extended BMS algebra with both supertranslations and superrotations.
Thus, at first sight, it seems that counting CCFT3 states would be a problematic issue, but
our current work shows that counting the asymptotic growth of CCFT states can be done
whatever the central charges are.
Although our current study gives a holographic description of asymptotically flat black
holes in three-dimensional higher-derivative gravity, we believe that the Flat/CCFT corre-
spondence can be extended to find a holographic description of black holes in higher di-
mensions and, specifically, the four-dimensional Kerr black hole. We hope to explore other
intriguing aspects of the relation between asymptotically flat spacetimes and CCFTs in our
future works.
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